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A Dedekind Finite Borel Set 

Arnold W. Miller 

Abstract 

In this paper we prove three theorems about the theory of Borel 
sets in models of ZF without any form of the axiom of choice. 
We prove that if B C 2 W is a G^-set then either B is countable 
or B contains a perfect subset. Second, we prove that if 2 W is 
the countable union of countable sets, then there exists an F a s 
set C C 2 W such that C is uncountable but contains no perfect 
subset. Finally, we construct a model of ZF in which we have an 
infinite Dedekind finite DC2 U which is F a $. 
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1 Introduction 





In this paper we assume the theory ZF but we do not assume any form of 
the axiom of choice, in particular, we do not assume the countable axiom 
of choice (which says that choice functions exist for countable families of 
nonempty sets). For example, we do not assume that the countable union of 
countable sets is countable. 
i 
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It is well-known that assuming the countable axiom of choice that every 
uncountable Borel set contains a perfect set. In fact, it is not hard to see, 
that assuming the countable axiom of choice that every Borel subset of 2^ 
is the projection of a closed subset of 2 W x oj^ ', i.e., an analytic set, and that 
every uncountable analytic set contains a perfect set. 

Definition 1.1 1. For s G 2 <UJ define the basic clopen set: 

[s] = {x e 2 U : sC x}. 

2. A set U C 2 W is open iff it is the union of basic clopen sets. 

3. A set A C 2 U is Gs iff it is the intersection of a countable family of 
open sets. 

4- A set B C 2 W is Gg a iff it is the union of a countable family of Gs-sets. 

5. Similarly define F be the closed sets, i.e., complements of open sets, F a 
the countable unions of closed sets, and F a s the countable intersections 
ofF^'s. 

6. A subset P C 2 W is perfect iff it is homeomorphic to 2 W . 

Theorem 1.2 If A C 2 W is a Gs a set, then A is countable or contains a 
perfect set. 

Theorem 1.3 Suppose that 2 W is the countable union of countable sets. 
Then there exists an F a s set B C 2 W which is uncountable but contains no 
perfect subset. 

In the Feferman-Levy model the 2^ is the countable union of countable 
sets (see Cohen [1] p. 143, Jech [9] p. 142). Note that this implies that every 
set B C 2 W is the countable union of countable sets. Since a countable subset 
of 2 U is an F a , it follows that every subset of 2 U is F aa , i.e., a countable union 
of countable unions of closed sets. By taking complements every subset of 
2 W is G$$. So the set B in Theorem 11.31 is F a $ , F aa , and Gss- 

In ZF without using any choice at all there exists a G^-set which is not 
F a s, see Theorem 2.1 of Miller [13J. 

A set D is Dedekind finite iff every one-one map of D into itself is onto. 
Equivalently, there is no one-one map of u into D. Assuming the axiom 



June 12, 2008 



3 



of choice every Dedekind finite set is finite. The book Herrlich [7j pp. 43-50 
summarizes many of the basic results about Dedekind finite sets. 

By infinite set we simply mean that the set is not finite, i.e., cannot be 
put into one-to-one correspondence with some finite ordinal n G uj. 

Theorem 1.4 Suppose that M is a countable transitive model of ZF and 

M \= D C2 W is an infinite Dedekind finite set. 

Then there exists a symmetric submodel M of a generic extension of M such 
that 

N \= D is a Dedekind finite F a s-set. 

For our forcing terminology over models of ZF see Miller [13] section 3. 

Remark 1.5 If 2 W is the countable union of countable sets, then there are 
no infinite Dedekind finite D C 2 W . This is because the countable union of 
finite subsets of a linearly orderable set is countable. 

Besides the notion of Dedekind finite there are many other "definitions 
of finiteness", i.e., properties which are equivalent to finite assuming the 
axiom of choice (see Truss [16] , Levy [11] , Howard and Yorke [8] , De la Cruz 
[1]). Most of them are inconsistent with being an infinite subset of 2 W . One 
exception is is A 5 (see Truss [IB"]): 

A set D is A 5 iff there does not exist an onto map f : D ^ DU{*} where 
* is not an element of D. 

It is possible to have an infinite A5 subset of 2 a> . Let us say D C 2 W 
has the density-Dedekind property iff it is a dense subset of 2 W and for any 
E C D there exists an open set U C2 W such that d G E iff d G U D D for all 
but finitely many d G D. Density-Dedekind implies A 5 . In the basic Cohen 
model of ZF in which choice fails (see Jech [9] p. 66-68) there is a generic 
Dedekind finite set 4 C 2 U . It is not hard to show that in fact A has the 
density-Dedekind property and hence is A5. The notion of density-Dedekind 
seems to us to be analogous to that of Luzin set in set theory with choice. 

We don't know if it is possible to have an infinite Borel A 5 -set. Almost- 
disjoint sets forcing destroys the density-Dedekind property. 

A set is amorphous iff every subset of it is finite or cofinite. This is analo- 
gous in model theory with the Baldwin and Lachlan notion of strongly min- 
imal set (see Truss [TT] . Creed, Truss [2], Mendick, Truss [12], and Walczak- 
Typke [IB])- An infinite D C 2 W cannot be amorphous. We don't know if 
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there could be an uncountable Borel set D C 2 W such that every subset is 
countable or co-countable (i.e., quasi-amorphous, see Creed, Truss [3]). 

Monro [15] constructed Dedekind finite sets which are large in the sense 
that they can be mapped onto a cardinal k. The ones he constructed were 
subsets of 2 K . It is possible to have a Dedekind finite Borel set which maps 
onto uji (or any other larger u a if desired). By Theorem 11.41 it is enough to 
find a Dedekind finite set D C 2 U which maps onto u)\. Such a D can be 
constructed by using a slight variant of the second Cohen model, see Jech [9] 
pp. 68-71. 

In computability theory, the notion of Dedekind finite is analogous to 
that of Dekker's notion of an isol. There are over 180 of papers on the theory 
of isols, although currently the subject seems to have fallen out of fashion. 
Two which connect the theory of isols and Dedekind finite cardinals are 
Ellentuck [6] and McCarty [H]. Perhaps there are analogies between Borel 
Dedekind finite sets and co-simple isols, i.e., complements of simple sets. See 
for example, Downey and Slaman [5] which contains work on co-simple isols. 

2 Proof of Theorem [EZ] 

Definition 2.1 Recall the following: 

1. A nonempty T C 2 <UJ is a tree iffVs, t G 2 <w if s C t G T, then s G T. 

2. For T a tree 

[T] = {x G 2 W : \Jn<uj x \ n G T} 

3. For T a tree and s G T 

T(s) = {teT : t C s or s Ct}. 

4. T is perfect iffVs G T 3t G T s C t and both V (0) G T and V (1) G T. 

The proof of the following proposition is left to the reader. 

Proposition 2.2 A set C C 2 U is closed iff there exists a tree T C 2 <UJ such 
that C = [T]. A set P C 2 W is perfect iff there is a perfect tree T C 2 <UJ such 
that P = [T] . In both cases we may demand that the tree T have no terminal 
nodes, i.e., for any s G T either s" (0) G T or s"(l) G T. 
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Lemma 2.3 Let B be the family of nonempty countable closed subsets of 
2 W . Then there is a function T : B — > (2 W ) W sncn i/iot if T{C) = f , then 
f : uj — > C is an onto map. 

Proof 

This argument is ancient set theory, the Cantor-Bendixson derivative. 
(Recall we must not use of the axiom of choice.) 

Let C be a nonempty countable closed set. Define 

T = {sE2 <UJ : [ s ]nC^0}. 

Hence [T] = C. 

Inductively define a sequence of trees T a C 2 <lJ) for a an ordinal as follows: 

1. T = T 

2. T A = f\<A^a is A is a limit ordinal 

3. T a+1 = T a \{teT a : |[T Q (t)]| < 1}. 

Note that a < (3 implies C T a . 

If T a+ i = T a , then T a = Tp for all f3 > a. By the replacement axiom 
there must be an ordinal a such that T a+1 = T a . Since T a C T we have 
that [T Q ] C C and since C is countable, it must be that T a is empty, since 
otherwise it is easy to check that it is a perfect tree. 

For each x G C there exists a unique ordinal a x < a such that 

x e [T a J\[T Qa+1 ]. 

Let n be the least such that x \ n £ T ax+ i and put s x = x \ n. We claim that 
the map q : C — * 2 <UJ defined by q(x) = s x is one-to-one. To see this suppose 
that s x = s y . If a x < a y , then we get a contradiction since s x ^ T ax+ i and 
T ay C T ax+1 . So a x = a y and from the definition of T ax+1 we see that x = y. 

To get our onto map / : to — > C, let :ro be the lexicographically least 
element of C and let {£„ : n < uj} be a fixed enumeration of 2 <w . Given 
any n if t n — s x for some x e C let f(n) — x and otherwise let f(n) = xq. 

No choice is being used in our definition of /, so we may define T(C) = f. 
QED 
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Corollary 2.4 The countable union of closed subsets of ' 2 W each of which is 
countable is countable. 

Lemma 2.5 Let H, be the family of nonempty countable G$ subsets of 2 W . 
Then there is a function Q : 7i — > (2 U ) W such that if Q(H) = g, then g : uo — > 
H is an onto map. 

Proof 

This argument is also ancient set theory (although perhaps not as well 
known), the Hausdorff difference hierarchy. Hausdorff proved that disjoint 
Gs sets can be separated by a set which is in the difference hierarchy of closed 
sets (see Kechris [10] p. 176). 

Let H, K C 2 W be disjoint G^-sets. Define closed sets C a C 2 W for a an 
ordinal as follows: 

C = c\(H) (we use c\(X) to denote the closure of X) 

C x = cl(C n K) 

C 2 = ci(d n H) 

c ul+l = ci{C U) nK) 
c u+2 = d{c u nH) 

and so forth, in general, for A a limit ordinal and n < uj: 

_ J cl(CA +n R H ) if n is odd 

A+n+1 = \ c\\c x+ n n K) if n is even 

It is clear that if a < (5 then Cp C C a . Also i^| C Q = C Q+ 2 then for all 
/3 > a, Cp = C a . Hence there must be an ordinal a such that C ao = Cp for 
all P > «o- 

We claim that C ao is empty, otherwise, H and K are both dense in it. 
Hence it would follow that G R H ^ 0. To see this let 

T = { S G2 <W : [s]nC Qo ^0}. 

Write = Hn<w ^» anc ^ ^ = C\ n <uj Vn where U n and V n are open sets. Since 
H and are dense in C a , it must be that for every sGT and n < u, there 

2 With a little more work it is enough that C a = C a +i- 
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exists i e T with sCJ and [t] C U n r\V n . But now it is easy to construct 

x e [T]n H n K. 

Since C Q0 is empty we have that the difference sets: 
D = \J{(C a \C a+1 ) : a is even } 

and 

E = (2"\C )u\J{(C a \C a+1 ) : a is odd}. 

are complement aryHJ. We claim that H C D and K C E. To see why, suppose 
that x G if. Since Co = cl(ii) it must be that there is some ordinal a such 
that x G C a \C a+ i. This a cannot be odd, since C a+ i = cl(C a fl H). 

Now suppose that if is a countable G^-set. Then K = 2 U1 \H is also a 
GVset. From which it follows that 

H = \J{{C a \C a +i) : a is even }. 

Define 

T a = {s6 2 <w : [ s ]nC Q ^0}. 

So for a < ao we have that each T a is a nonempty tree without terminal 
nodes such that C a = [T a ]. For s G 2 <UJ with length greater than 0, let 
s* C s with |s*| = |s| — 1. Let 

Q a = {s G T Q \T Q+ i : s* G T Q+ i} 

i.e, the minimal nodes of T a \T a+ i. 

For each even a since C q \Cq, + i C H and if is countable we have that 
[Tq,(s)] is a countable set for each s G Q a . Note that the Q a are pairwise 
disjoint. Let Q C 2 <w be the set of all s such that s G Q a and a is even. For 
each s e Q define f s :u—> 2 <UJ by jF([T Q (s)]) = / s where s G Q Q . It follows 
that the map h : Q x c<j — > H defined by h(s, n) = / s (n) is onto ii and may 
easily be readjusted to an onto map g : uj — > H. Put Q{H) = g. 
QED 

Corollary 2.6 TTie countable union of countable G$ subsets of 2^ is count- 
able. 

3 The ordinal ao must be countable and the unions could be taken over a < ao + 2 but 
we don't need this for our proof. 
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Proof 

Suppose that \J n<u> H n is given where each H n is a countable Gs-set. Let 
Q(H n ) = g n . Then define an onto map 

g : w x u -> (J F„ by m) = g- n (m). 

QED 

Proof of Theorem 11.21 

It follows immediately from Corollary 12.61 that we need only show that 
an uncountable Gs-set H C 2^ must contain a perfect set. 
Define 

H' = {x E H : \/n < oj ([x \ n]n H) is uncountable }. 

Note that if' is nonempty, since otherwise 

H = \J{[s] HH : [s] n # is countable, s E 2 <UJ } 

and since any set of the form [x \ n] H if is and the countable union of 
GVsets is countable, we would get a contradiction. 
Define 

T = {sE 2 <w : [s] n #V 0}- 
We claim that T is a perfect tree. To see this suppose that s G T. Then 
s will have incompatible extensions in T unless H' fl [s] = {s}. This would 
mean that for every extension t of s which is incomparable to x that H fl [t] 
is countable. But since s C a; we know that ii fl [s] is uncountable. But 
this contradicts the fact that the countable union of countable G^-sets is 
countable. 

Now suppose H = f] n<u U n where each U n is open. We construct 

(s a e T : a G 2 <w ) 

by induction on the length of a. Given s a with |<r| = n let t G T(s a ) be 
the first in some fixed ordering of 2 <UJ with [t] C Then using that T is 
perfect similarly find s CT -(j) for z = 0, 1 incomparable extensions of t. Then 

T' = {t : 3a t C S(T } 

is a perfect subtree of T such that [T'] C if. 
QED 
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3 Proof of Theorem 11.3 



Definition 3.1 Let (, ) : uj x uj — > uj be a fixed bijection, i.e., a pairing 
function. For each n G uj define the map ir n : 2 W — > 2 U by: 

ir n (x) = y iff Vm G uj y(m) = x((n,m)). 

Lemma 3.2 Suppose that 2 U is the countable union of countable sets. Then 
there exists (F n : n G uj) such that 

1. 2 W = (J F n and each F n is countable, 

2. F n is a proper subset of F n+1 for each n, and 

3. F n is closed under ir m for all n,m < uj . 

Proof 

Define a map H : uj <uj x 2 U — > 2 U inductively by 

H((),x) = x and H{s" (m),x) = n m (H(s, x)). 
Given that 2 U = [J n<u) L n where each L n is countable, let 

F n = H(u<»x |J L m ). 

Then the F n are countable, increasing, cover 2 W , and closed under the pro- 
jection maps 7r m . To get them to be properly increasing just pass to a sub- 
sequence. 
QED 

Define 

B n = {x G 2 W : ix n (x) G F n+ i\F n or [n n (x) G F n and ir n (x) = 7r n+ i(a;)]}. 

Note that each B n is an F CT -set. Let B = f] n<0J B n . 

The set B is uncountable because there is a map h from B onto 2 U . Define 
h by h(x) = n n (x) iff 7i n (x) = n m (x) for all m > n. Such an n must exists 
because for any x there exists n such that x G F n and hence n m (x) G F n for 
all m. It is easy to check that h maps B onto 2^ . 
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But B cannot contain a perfect set. Suppose for contradiction that T C 
2 <u) is a perfect tree and [T] C B. For each x G [T] define = n to be the 
least n so that 7r n (a;) = 7r m (x) for all m > n. For any n the set of all x G [T] 
with h(x) < n is closed. By Corollary 12.61 it must be that for some n that 
there exists a perfect subtree T'CT such that x G [T'] implies h(x) < n. 
But the map 

k : [T'\ -> J| F m defined by fc(x) 

m<n 

would map a perfect set one-one into a countable set. 
QED 



Remark 3.3 We don't really need Corollary \2.(A in the above proof, since it 
is easy to show that a perfect set cannot be the countable union of countable 
closed sets. For example, each would have to be nowhere dense. 

Remark 3.4 In the Feferman-Levy model the set B has the stronger prop- 
erty that there is no one-one map (continuous or not) taking 2 W into B. Also 
Lemma WT^ is trivially true in that model since we take F n = M[G n ] fl 2 W . 



4 Proof of Theorem 1.4 



Definition 4.1 A poset P is a -centered iff there exists (E n : n < u) such 
that P = IJn<w an d eac h is centered, i.e., for any finite FCS„ there 
exists p G P such that p < q for every q G F . 



We begin with a preservation lemma: 



Lemma 4.2 Suppose that M is a countable transitive model of ZF and 

M \= P is a -centered and D is Dedekind finite. 
Then for any G ^-generic over M 



M[G] \= D is Dedekind finite. 
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Proof 

Working in M let (E n : n < uo) witness the a-centeredness of P. Suppose for 
contradiction that 

o 

p lh /: uj — > D is one-one. 

Define 

o 

Ai,m = {a; G £> : 3g G E„ g < p and g lh / (ra) = x}. 
Since E n is centered, |-D n>m | < 1. Since D is Dedekind finite, the set 

E — [J D n>m 

n,m<LO 

is finite. But 

o 

p lh the range of / is a subset of E 

which is a contradiction. 
QED 

Remark. To preserve the Dedekind finiteness of D C 2 W it would be 
enough to assume that P = \J n<u ,^ n where each E n had the n-c.c, i.e., no 
antichain of size greater than n. 

Next we give a description of the well-known almost-disjoint sets forcing 
of Solovay. 

Definition 4.3 For AC2 U define 

P(A) = {(Q, F) : QC 2 <w , FCA, and fotfi Q and F are finite }. 

For p,q G P(A) define p < q iff Q q C F g C F p; and s <^ x for all 
s G Qp\Q q and x E F q . 

We use 1 = (0, 0) to denote the trivial element of P(A). 
Note that (Q,Fi) < (Q,F 2 ) whenever F 2 C F 1 . Hence given Q C 2 <w 
finite, if we define 

E Q = {p G P(A) : Q p = Q} 
then Eq is centered and 

P(A) = |J{E Q : Q C 2 <w is finite } 
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shows that F(A) is cr-centered. 

If G is P(/L)-generic over M, then we can define 

R = R G = \J{Q P : pEG}. 

Easy density arguments show that for every x G 2 W D M 

• if x G A, then {n : a; f n G i?} is finite, and 

• if x A, then {n : a; \ n G -R} is infinite. 

Next we consider automorphisms of the poset W(A). 

Definition 4.4 A map ft : 2 <w — > 2 <w is a tree automorphism iff n is a 
bijection such that for all s,t G 2 <UJ 

sCtiffTt(s)Cn(t). 

A tree automorphism 7r induces a map from 2 U to itself by letting if(x) = y 
where y is determined by fc(x \ n) = y \ n for every n < uj. 

Lemma 4.5 Suppose ft is a tree automorphism such that tt(x) G A for every 
x G A. Then ir : F(A) -> P(A) rfe/inec? 6?/ 

tt(Q, F) = ({tt(s) : s G Q}, {tt(x) : x G F}) 

zs an automorphism ofF(A). 

Proof 

We need to show that 

p < q iff 7r(p) < 7r(g). 

It is easy to check that 

Q q C g p iff 7r(Q 9 ) C vr(g p ) 

and 

F 9 CF p iff 7r(F g ) Ctt(F p ). 
For the third clause in definition 14.31 note that for s G 2 <w and x E 2 W that 

s C x iff 7r(s) C 7r(x). 

QED 
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Definition 4.6 For any n < u define 

E n = {x G T : VA; < n x(k) = and 31 > nVk > I x(k) = 0} 
As usual for x, y G 2 W define x + y to be their pointwise sum mod 2, i.e., 

Wn (x + y){n) = x{n) + y{n) mod 2 
and for A,5C2 W define 

A + B = {x + y : x e A and y G B}. 
Lemma 4.7 For DC2 U Dedekind finite 

D= f](D + E n ). 

n<u) 

Proof 

Since the constant zero function is in every E n it is clear that 

DC f](D + E n ). 

n<u> 

Now suppose for contradiction that x G C\ n <S-D + E n ) but x £ D. 
Consider the equivalence class of x under "equal mod finite": x + E . Since 
this class can be well-ordered in type u we know that the set: 

F = D n (x + Eq) 

is finite. Take n < ui large enough so that for all u, v G FU{x} ifu \ n = v \ n 
then u = v. But x G D + E n which means that there exists d G D with 
d I" n — x \ n. But d G F which is a contradiction. 
QED 

Definition 4.8 We define the poset F to be the direct sum of the posets: 
F(D + E n ), i.e., 

F = T, n<l A?{D + E n ). 

This means p G P iff p — {p n : n < uj) where each p n G F(D + E n ) and 
p n = 1 for all but finitely many n. It is ordered coordinatewise: 

P<Q iffPn < Qn for all n. 

As before, given any G a S n<aJ P(D + E n ) -filter and n < u we define 

R n = Rn={sE 2 <w : 3p G G with s G Q Pn }. 
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It is clear that for G a P-generic filter over M that for every n and 
x G D + E n there are at most finitely many k < uj with x \ k G i? n - 

Lemma 4.9 T7ie posei P = £ n<a; P(.D + E n ) is a-centered. 

Proof 

— * 

For any finite sequence W = (Qi : i < n) of finite subsets of 2 <UJ define 

= {p G P : V? < n Q Pi = Qi and V? > n pj = 1}. 

Then each is centered and P is the countable union of them. 
QED 

Definition 4.10 For R C 2 <w de/ine 

H(R) = {x G 2 W : 3°°k x \ k G R} 
Here 3°°k stands for "there exists infinitely many k". 

Lemma 4.11 For R C 2 <UJ the set H(R) is a G$-set. Suppose 1Z is a 
countable family of subsets of 2 <w , then f]{H(R) : R G 71} is a Gg-set. 

Proof 

H(R) = p| \J{[s] : seR and \s\ > n}. 

Letting 7Z = {R n : n < uo} we have that 

f]{H(R) : Re7l}= p| \J{[s] : s G R n and |s| > m}. 

n,m<L0 

QED 

Note that H(R n ) is a G^-set disjoint from D + i? n . Our goal is to make 
the complement of D to be a countable union of G$ sets in a symmetric 
submodel of M[G\. 

We describe the automorphisms of P which we will use. 

Definition 4.12 1. For s G 2 <w define tc s : 2 <u} -> 2 <w to 6e toe toee 
automorphism which swaps s"(0) and s"(l), i.e., 

•M-/ S *^~')^ if r = s" (i)"t 

^ r i/r does not extend s. 
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2. For each n we let Q n be the group of automorphisms ofF(D + E n ) which 
are generated by {ti s : s G 2 <w and \s\ > n}. 

3. We take Q to be the direct sum of the Q n , i.e., n G Q iffix = (7r n : n < u) 
where each ir n G Q n and n n is the identity except for finitely many n. 

4- We take T to be the filter of subgroups of Q which is generated by 
{H n : n < u} where 

H n = {vr G ^ : Vm < n n m is the identity }. 

It is easy to check that T is a normal filter. 

We use the terminology fc (a hatted n) to denote tree automorphisms and 
unhatted 7r's to denote the corresponding automorphism of P and the action 
on the P-names. We use M to denote the symmetric model MCJVC M[G]. 
We use the terminology fix(r) to denote the subgroup of Q which fixes the 
P-name r. 

Let 

R n ={(p,s) ■■ P G P and s G Q Pn } 

o 

then H n+ i C fix(i? n ) and so R n G A/". The following lemma is key: 
Lemma 4.13 Given p G P, x, and n < u such that H no C fix(x) and 

p\h°xe 2»\(D + E no ) 

then 

plh3°°A; x\keR no ■ 

Proof 

If not there exists q < p and N > no such that 

glhVn>iV x\n(£R no . 

Claim. There exists r < q and s,t 0: ti G 2 <u) with 

1. \s\ > N > n 

2. {t G 2 <w : s C t} n g ? „ = 
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3. [s] n F gno = 0. 

4. s C t , s C ti, \t Q \ = \ti\ 

5. t e Q rno 

6. r H~! Cx 

Since p is forcing that x is not in D + -E no it easy to find r 1 < q and s 
such that 

O 

T\ Ws Cx 

and s satisfies 1,2, and 3. Next choose any i with sCt and t %. y for all 
y G i^i,^ an d P u f r 2 = ?"i except 

Qr 2 , no = Qri, nQ U {M- 

o 

Finally find r < r 2 and t\ with |t | = t\ and r Ihti Cx. This proves the 
Claim. 

Now find n a tree automorphism in Q no such 7r(to) — t\ an d fixes all t 
except for possibly those extending s. A precise description would be to let: 

{n : t (n) ^ h(n)} = {n x < n 2 < ■ ■ ■ < n k } 

then 

TT = TT Sk O 7T Sfc _ l O • • • O 7T S1 

where Sj = t\ \ rij. Note that 7r G £/ no because |t | = |^i| > |s| > iV > n 
so necessarily rii > no- Let tt G also name the automorphism of P which 
is ti on the 77,Q h coordinate and the identity on all other coordinates. Then 
7r G H no and hence 7r(x) —x and so by (6) of the Claim 

7r(r) Ihti . 

Note that by (2) and (3) of the Claim, we have ir(q) = q and so n(r) < q 
and thus: 

7r(r)lhVn>iV x\ n <£R no . 

By (5) of the Claim and the definition of n we have that t\ G Q w ( r ) no so we 
have: 

vr(r) Ihti G^ no . 
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But > iV gives us a contradiction. 
QED 

Let 

K n = {7l(R n ) : TV e Q n }. 

That is we take the set of all images of R n under the tree automorphisms 
which determine Q n . Since each R n is in Af and Q n is in the ground model, 
it is clear that each 7Z n is in M. 

Lemma 4.14 For each 7r G Q and n < uj: 
Proof 

This amounts to unraveling the definitions. The following are equivalent: 

• se 7r(jL) G 

_ o 

• 3p G G such that (p, s) G 7r(R n ) and (p, s) = (ir(q), s) where s G Q qn 

• 3p G G such that s G Q^-\, p s (equivalently 7r n (s) G Q Pn ) 

• 7T n (s) G R n 

• S G TT- 1 ^)- 

QED 

Lemma 4.15 The sequence (1Z n : n G a;) is in jV. 

Proof 
Letting 

^n={vr( J R„) : Ti eQ} 

o 

we see that fix(7?. n ) = for every n, hence the u-sequence has a name fixed 

by every n in Q. 

QED 

Next we show that in the hypothesis of the key lemma (Lemma 14.131) we 
may assume that the trivial condition 1 is doing the forcing. 
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Lemma 4.16 Fix G a ¥- filter generic over M. Suppose x G (2 UJ \D) n M. 

o 

Then x has a hereditarily symmetric name x for which there is an no such 
that H no C fix(x) and 

llhxG 2"\(D + E no ). 

Proof 

Let r be any hereditarily symmetric name for x, i.e., r G = x. Let p E G and 
rio be such that if„ C fix(r) and 

plhr 6 2^ + ^). 

Now work in the ground model M. Fix z e M n (2 W \(D + -B no ))- In M 
define x to the set of all (q, (m,i)) such that either 

q lh"r G 2" J \(.D + i£ no ) A r(m) = z" 

or 

z(m) = i and g Ih- .(r G 2 lj \(£> + £„„)). 
For our particular G, since p G G the second clause is never invoked when 

O " ^ O G O 

evaluating x , hence x = r G =x . Clearly, if no C fix(r) C fix(x). Finally 1 
forces what it should because for any generic filter G' either the first clause 

,-1/ o G f o G' 

is invoked and r —x or the second clause is invoked and x = z where z 

was chosen to be in 2 UJ \(D + E nQ ). 

QED 

Lemma 4.17 M (= (2"\L>) = Un<. fW *W 
Proof 

Recall that H(R n ) is a GVset which is disjoint from D + E n and hence from 
/}. For any R G 7£ n we have that R = Tt(R n ) for some ir G But by 
Lemma 14.141 

o n o 7r_1 (G ! ) 
i? = 7T( J R„) = 7l(R n f =R n 

and so H(R) is disjoint from D. 

Conversely suppose in M that x G (2 W \£)). Then by Lemma [4.161 a: has 
a name x for which there exists no such that £f no C fix(x) and 

llhxG 2"\(L> + £ ri0 ). 
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By the key Lemma 14.131 

llh3°°A; x\kER no 

i.e., 

1 Ih °xe H{R no ). 
Since H no C fix(x) we have that 

l Ih xe Hfrikj) 

for all 7r G i? no and so it follows from Lemma 14.141 that 

Pi h{r). 

Ren n 

QED 

It follows from this Lemma that in M the complement of D is a G$ c set 
and hence D is an F^-set. Since P is a-centered we have that 

M[G] \= D is Dedekind finite 

and since M C TV C M[G] 

A/" |= D is a Dedekind finite F^-set. 

This concludes the proof of Theorem 11.41 
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